The concepts of a strongly superficial element and a very strongly superficial element are introduced. A number of their properties are established and three applications are given.
1. Introduction. Superficial elements have proved to be a useful and important concept in a number of problems in commutative algebra, for example, the study of characteristic functions and multiplicities. This paper is concerned with two special kinds of such elements: a very strongly superficial (v.s.s.) element of degree k for an ideal A in a ring R; and, a strongly superficial (s.s.) element for A k . After listing a number of properties of s.s. and v.s.s. elements, we present in Theorem (2.5) and (2.6) a number of characterizations of such elements. In §3 we give three applications of the theorems. Namely, we first show that a known result about s.s. elements for an ideal generated by an R~ sequence in a locally Macaulay ring holds in every Noetherian ring (3.2) . Next we show that if A is an ideal in a Noetherian ring R, then the zero ideal in the A -form ring of R has no irrelevant prime divisor if and only if there exists a v.s.s. element of some positive degree for A (3.5) . The final application is concerned with certain ideals in Rees rings of R ((3.8) and (3.9) Theorems (2.5) and (2.6) below give several necessary and sufficient conditions for x to be a v.s.s. element of degree k for A (respectively, a s.s. element for A *). To prove these results, the following lemma and definitions are needed. are said to be homogeneous elements of degree r (-oo < r < oo, where A Γ = R if r < 0) and a homogeneous ideal is an ideal which can be generated by homogeneous elements. A homogeneous ideal H in $t is said to be irrelevant in case it contains every homogeneous element of sufficiently large degree. Otherwise, H is said to be relevant. 
Proof (i)->(iii

) (i)-(v) are equivalent and each implies (vi)-(viii). (2.6.2) (vi)-(viii) are equivalent and, if x is not a zero divisor, then each implies (i)-(v) and (ix). (2.6.3) (ix) implies (i)-(viii).
Proof
This follows from (2.2.1) and (2.5).
Applications.
In this section we give three applications of Theorems (2.5) and (2.6). (ii) [5, Lemma 5, p. 401] . The prime divisors of A n (n ^ 1) are the prime divisors of A and each has height m.
We note that it follows from (3.1.2) that parts (i) and (ii) of (3.1.2) also hold for an ideal generated by an R-sequence in a locally Macaulay ring. However, it follows from (3.2) below that (3.1.2) (i) holds even if R is not locally Macaulay. Proof. Let <3i = <3l(R, A). By [4, Theorem 3.5.1] , at is not in any prime divisor of u&t, for every i = 1, , m. Hence, we are done by (2.5) (i) and (v).
Clearly, (3.2) and (2.5) show that, with R, a u --,a m and A as in (3.2) , each a x is a s.s. element for AS* in Sf = &(R,A) and for u0t in Proof By the preceding discussion, it suffices to prove the "necessary part." Let A * = AR [M, t] Π Sϊ, let P x , ,P h be the prime divisors of u$l, and let N g = {c r t r ; c r t r E P g and r ^ 1} be the set of all homogeneous elements of positive degree contained in P g , for each g = 1, , h. If we can find a homogeneous element of positive degree in $1 and not in any of the N g9 then we are done by (2.5) (i) and (v) .
Since (An irrelevant (homogeneous) ideal in 9 is defined in an analogous manner to (2.4 
.1).)
Proof This follows immediately from (3.4) We conclude this paper with the following three observations. Proof. Clear by (3.7) and the equivalence of (2.5) (i), (iv), and (v).
Let A be an ideal in a Noetherian ring R, and let 9? = ί % (R, A). It is easily shown (cf. [3] ) that for every ideal B in R, B* = ££[w, ί] Π 9? is such that B*: u0l = B*, and B* n l?[w,ί] = B n R [u,t] , but it is not in general true that B* π = (2? n )*. However, it follows from considering homogeneous elements that A* n = 04 n )*, for each n ^ 1. It is also clear, by the preceding discussion, that (3.9) holds, in particular, whenever B -A.
